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Table 1 Comparison of results

Square of the fundamental
frequency, A’

r ¥ P Eq. 2) Exact® % Error
0.4 4.69 - 0.5 5.61 5.53 —1.43
- 1.0 6.52 6.37 —2.30
- 2.0 8.33 8.05 —3.36
-10.0 21.85 21.48 - 1.69
0.6 3.57 - 0.5 4.28 4.21 —1.64
- 1.0 4.98 4.85 —2.61
- 2.0 6.36 6.13 -3.62
-10.0 16.85 16.35 -2.97
0.8 2.89 - 0.5 3.46 3.41 —1.45
- 1.0 4.03 3.92 -2.73
- 2.0 5.14 4.96 -3.50
-10.0 13.70 13.24 —3.36
where

Q5,92 = square of the fundamental frequency of structure X’

at zero axial load and an axial load P, respectively

Q0,2* = square of the fundamental frequency of structure X at
zero axial load and an axial load P*, respectively.

The practical implication and use of Eq. (2) are as follows.
If we are interested in studying the effect of changes in mass
distributions at various levels of axial loads, all that is needed
are 1) the fundamental frequencies of a basic mass-distribution
case (structure X) at zero and a nonzero axial load, and 2) the
fundamental frequency of the mass distribution of interest
(structure X’) at zero axial load. Generally, a uniform mass
distribution may be used as the basic mass-distribution case
(structure X). Fundamental frequencies of such structures
(beams, plates, shells, etc. with a uniform mass distribution)
may be readily available in literature. If the structure is of a
more complex nature, these two frequencies may be obtained
by analysis or testing.

Numerical Results

Takahashi? presents a series of numerical results for axially
loaded cantilever beams with nonuniform mass distributions
(uniform mass plus a concentrated mass at the free end). His
results are based on the numerical solution of the exact tran-
scendental equation for the fundamental frequency.

The length of the cantilever beam is L, uniform mass is m
per unit length, concentrated mass is M, and the axial load is
P (compression is positive and tension negative). The funda-
mental frequency of lateral vibration is w. The following
nondimensional parameters are used: p = (PL%*/El), r = (M/
mL), and A = (mL*%/EDNw? = (mL* EDNQ. Similarly, Ay, A\*,
Mg, and N’ are the nondimensional counterparts of Q,, Q*, Q;,
and @', respectively.

When the mass ratio r = 0, we have the uniform mass-distri-
bution case, which will be used as the basic mass-distribution
case (structure X). We need two frequencies for this uniform
mass-distribution case: one at zero axial load and another at
a nonzero axial load; from Ref. 2, we have A\y=12.36 at
p =0and A* =21.21 at p = p* = 2.0. The mass distribution is
varied by changing the mass ratio r. The square of the nondi-
mensional fundamental frequency (\g) for the specific value of
r, at zero axial load, is computed by a numerical solution of

- the frequency equation.

Fundamental frequencies at any nonzero axial load are cal-
culated using Eq. (2); this computation (hand calculation)
takes only a few seconds. Frequencies thus computed are com-
pared against Takahashi’s exact results? in Table 1. The accu-
racy of Eq. (2) is extremely good.

The results presented in Table 1 are plotted in Fig. 3. The
straight lines represent the approximate solution provided by

Eq. (2). The exact results from Ref. 2 are indicated by dots. All
the exact results fall almost on top of or very close to the
straight lines.

Concluding Remarks

A simple method of computing fundamental frequencies of
axially loaded structures is presented. The excellent accuracy
of the method is illustrated by applying it to an axially loaded
cantilever beam with nonuniform mass distribution. The
method is equally applicable to beams, stiffened or unstiffened
plates, and stiffened or unstiffened shells with nonuniform
stiffness distributions, complex geometries, and complex
boundary conditions.
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Effect of Transverse Shear
Deformation on Imperfection
Sensitivity of Cylindrical Panels
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Introduction

ui and Du! analyzed the initial postbuckling behavior of

boron-epoxy antisymmetric cross-ply cylindrical panels
under shear loading. The panels are assumed to be long
enough to ignore the effect of the boundary conditions at the
two curved edges.

For structures with unique symmetrical buckling modes, ini-
tial postbuckling and sensitivity to geometric imperfections
are essentially determined by Koiter’s second postbuckling co-
efficient b. Briefly, if b > 0, the structure can carry post-
buckling loads in excess of the critical load, whereas if b < 0,
the structure is imperfection sensitive and will fail at a load
below the critical load.

In Ref. 1, the calculation of the critical load and postbuck-
ling coefficient is based on the Donnell shell theory, and the
results are correlated with the curvature parameter

0 = B/(Rh)*

where B is the curved panel width, R its radius of curvature,
and £ its thickness. Within the assumptions of the Donnell
theory, the results are independent of the radius-to-thickness
ratio R/h.

Cohen and Haftka? reanalyzed the two-layer clamped
panels of Ref. 1 using the code FASOR (field analysis of shells
of revolution). This analysis, which is based on classical shell
theory using a large radius toroidal model with R/A = 100
(Fig. 1), predicts imperfection-insensitive panels (b > 0) over
therange 0 < 6 < 8.

The purpose of this Note is to re-examine these panels con-
sidering the effect of radius-to-thickness ratio using both clas-
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Boundary conditions at s = 0 and s = B:
out-of-surface, clamp (w = y = ¢ = 0)
\. in-surface, free (Tsg =7h = const,, Tg = 0)

Lamina elastic moduli:
E/Er =10
r>>B GLt/ET =8
vy T (major Poisson’s ratio) = 0.22

e

Fig. 1 FASOR model of long two-layer cross-ply cylindrical panel.
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Fig. 2 Critical shear stress and postbuckling coefficient of long
cross-ply cylindrical panel, © = 4.
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Fig. 3 Critical shear stress and postbuckling coefficient of long
cross-ply cylindrical panel, © = 8.

Table 1 Buckling and initial postbuckling of cross-ply panels, 6 = 42

R/h /2B A, b
10 0.779 (0.838) 28.78 (40.42) 0.294 (0.247)
15 0.758 (0.784) 31.80 (40.93) 0.372 (0.332)
25 0.748 (0.761) 34.83 (41.08) 0.406 (0.378)
50 0.743 (0.749) 37.61 (41.08) 0.419 (0.405)

100 0.741 (0.743) 39.22 (41.05) 0.424 (0.419)

aClassical shell theory results are in parentheses.

Table2 Buckling and initial postbuckling of cross-ply panels, 8 = 62

R/h /2B A, b

10 4.503 (4.661) 44.24 (48.17) —0.0229 (-0.0122)
11 4.592 (4.846) 48.79 (52.83) —0.0656 (—0.0236)
12 0.611 (5.044) 50.38 (57.26) 0.2886 (—0.0491)
20 0.650 (0.710) 53.24 (59.56) 0.1839  (0.0587)
40 0.682 (0.709) 55.50 (58.73) 0.1283  (0.0810)
100 0.696 (0.708) 56.92 (58.23) 0.1126  (0.0928)

aClassical shell theory results are in parentheses.

Table 3 Buckling and initial postbuckling of cross-ply panels, 6 = 8*

R/h /2B A, b

10 6.201 (6.114)  30.77 (32.05) 0.00437  (0.00416)
15 6.572 (6.596)  54.15 (55.87) ~0.00084 (—0.00075)
20 7.397 (7.444)  72.79 (74.61) —0.00471 (—0.00373)

25 0.572 (0.584) 75.71 (80.81) 0.259 0.219)
50 0.587 (0.594) 77.47 (80.01) 0.221 (0.200)
100 0.595 (0.599) 78.34 (79.61) 0.201 (0.191)

2Classical shell theory results are in parentheses.

sical shell theory (CST) and transverse shear deformation
theory (SDT). As in Ref. 2, the analysis is performed by
FASOR using the large radius toroidal model of Fig. 1 with
the additional assumption that the transverse shear modulus
Grr = G 7/2, where L and T signify directions parallel and
transverse to the fiber direction of each lamina. Also, the fifth
boundary condition on the longitudinal edges of the panel is
assumed to be a constraint of the longitudinal transverse shear
strain, i.¢., v, = 0. (Note that the circumferential ¢ direction
of the model corresponds to the longitudinal direction of the
panel.)

Results

Dimensionless critical shear loads A, (= 7,hAB%*/D, where D
= D,, = D,, is the flexural stiffness of the cross-ply panel),
longitudinal buckle wave length /, and postbuckling coeffi-
cient b (based on a buckling mode normalization such that its
maximum normal deflection equals the panel thickness) from
SDT are given in Tables 1-3 for © = 4, 6, and 8, respectively.
In these tables, CST results are shown in parentheses. In Figs.
2 and 3, A, and b are plotted for © = 4 and 8, respectively. In
these figures, solid lines represent SDT and dashed lines CST.

The following conclusions can be drawn from these results.

1) The Donnell prediction of R/h independence is approx-
imately true for A, (although b has significant dependence on
R/h) of CST for R/h greater than a threshold value p, which
varies from a value less than 10 to 21.5 as © varies from 4 to 8.
At R/h = p, the buckling mode abruptly changes from a short
wavelength mode to a long wavelength mode, which is highly
dependent on R/A. Although the short wave mode is not sensi-
tive to geometric imperfections, the long wave mode is imper-
fection sensitive, and the sensitivity is greatest for R/h = p.

2) Aside from the expected result that SDT predicts increas-
ing R/h dependence as R/h diminishes, the SDT results also
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display a threshold value of R/h, which is slightly below that
for CST (e.g., p = 20.7 for © = 8), to which the previous
remarks for CST apply as well. For given values of © and
R/h, SDT predicts lower critical loads and numerically greater
b values.than CST. Thus, although the short wave mode is
more stable (greater b) than predicted by classical theory, the
long wave mode is more imperfection sensitive than predicted
by classical theory.

The Koiter buckling load knockdown formula for small im-
perfections is

AJ/A, = 1 + 3(a2bu2/4)%

where A; is the buckling load of the impérfect structure, « an
imperfection parameter (unity in this case of pure shear pre-
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buckling), and u the imperfection amplitude-to-thickness ra-
tio. As an example, from Table 2, for © = 6and R/h = 11, b
= —0.0656, giving a knockdown factor of 0.84 for u = 0.1,
or A, = 40.8. The corresponding value from classical theory is
A, = 46.7.
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